ABSTRACT. Let M be either CP 2 #3CP 2 or 3CP 2 #5CP 2 . We construct the first examples of simply-connected symplectic 4-manifold that are homeomorphic but not diffeomorphic to M .
INTRODUCTION
There is a growing literature on the construction of exotic smooth structures on the closed 4-manifolds CP 2 #kCP 2 and 3CP 2 #kCP 2 for some small positive integer k. Donaldson produced the first example [D] of such a manifold when he showed that the Dolgachev surface E(1) 2,3 is not diffeomorphic to CP 2 #9CP 2 . A couple of years later, Dieter Kotschick [K] showed that the Barlow surface is homeomorphic but not diffeomorphic to CP 2 #8CP 2 . Recently, Jongil Park [Pa2] constructed the first exotic smooth structure on CP 2 #7CP 2 . Since then Park's results have been expanded upon in [OzS, SS1, FS1, PSS] , producing infinite families of smooth 4-manifolds homeomorphic but not diffeomorphic to CP 2 #kCP 2 for k = 5, 6, 7, 8. The k = 5 examples are not symplectic. Recently, Akhmedov [A2] produced the first example of a symplectic 4-manifold homeomorphic to but not diffeomorphic to CP 2 #5CP 2 . Soon after more examples by the second author were found of exotic symplectic CP 2 #5CP 2 's (see ). The first paper uses fibered knots to construct the example whereas the second paper uses Luttinger surgery. In both papers the key is to symplectically sum different constructed manifolds with Matsumoto's manifold [M] .
Our main result in this paper is the following. 
This paper contains essentially three different constructions for both CP
2 #3CP 2 and and two different constructions of 3CP 2 #5CP 2 (the first construction of an exotic symplectic 3CP 2 #5CP 2 was given by the first and third author). One of the constructions use Luttinger surgery extensively while the other construction uses fibered knots. The constructions are different enough that it is reasonable to conjecture that the examples are not diffeomorphic. Unfortunately, at least in the case of CP 2 #3CP 2 , Seiberg-Witten invariants may not distinguish these examples.
The paper is setup as follows. The first two sections include background material on symplectic topology and Luttinger surgery. Then a building block is described that is key to the examples that follow. With the building block understood, each of the different constructions are explained.
In the sequel [ABP] , we construct infinitely many smooth structures on the manifolds in Theorem 1 and other small 4-manifolds.
GENERALIZED FIBER SUM
We begin with a description of generalized fiber sums and related formulas of characteristic classes.
Definition 2. Let X and Y be closed, oriented, smooth 4-manifolds each containing a smoothly embedded surface Σ of genus g ≥ 1. Assume Σ represents a homology of infinite order and has self-intersection zero, so that there exists a product tubular neighborhood, say νΣ ∼ = Σ × D 2 , in both X and Y . Using an orientation-reversing and fiber-preserving diffeomorphism ψ : Σ×S 1 → Σ×S 1 , we can glue X \νΣ and Y \νΣ along the boundary ∂(νΣ) ∼ = Σ × S 1 . The resulting closed, oriented, smooth 4-manifold, denoted X# ψ Y , is called a fiber sum of X and Y along Σ.
Definition 3. Let e(X) and σ(X) denote the Euler characteristic and the signature of a closed, oriented, smooth 4-manifold X, respectively. We define
If X is a complex surface, then c 2 1 (X) and χ h (X) are the square of the first Chern class c 1 (X) and the holomorphic Euler characteristic, respectively. These are the usual coordinates involved in the "geography problem" for complex surfaces.
For the simply-connected 4-manifolds mCP 2 #nCP 2 , we have e = 2 + m + n and σ = m − n. Hence we get
Lemma 4. Let X and Y be closed, oriented, smooth 4-manifolds containing an embedded surface Σ of self-intersection 0. Then
where g is the genus of the surface Σ.
Proof. The above formulas simply follow from the well-known formulas
If X and Y are symplectic 4-manifolds and Σ is a symplectic submanifold in both, then according to a theorem of Gompf (cf. [Go] ), X# ψ Y admits a symplectic structure.
LUTTINGER SURGERY
The main construction uses Luttinger surgery [Lu] several times to modify a 4-torus T 4 in a neighborhood of Lagrangian tori. Luttinger surgery is explained for closed symplectic 4-manifolds in [ADK] ). We recall the relevant details to set the notation used in this paper.
An oriented Lagrangian torus T in a symplectic 4-manifold M has a tubular neighborhood symplectomorphic to a neighborhood of the zero section in its cotangent bundle by the Darboux theorem. Thus if x, y are oriented coordinates on T (i.e. we fix a universal covering R 2 → T ) then dx, dy trivialize the cotangent bundle of T , and thereby one obtains a framing T 2 × D 2 → M of a tubular neighborhood of T in M called the Lagrangian framing. As observed in [FS2] , this framing can be described by the condition that T 2 × {x} ⊂ M is Lagrangian for all x ∈ D 2 . Luttinger showed that the manifold obtained by removing the tubular neighborhood T × D 2 from M and regluing using an appropriate orientation preserving diffeomorphism ψ : T × S 1 → T × S 1 yields a new manifold which admits a symplectic structure which agrees with the given symplectic structure on M − T × D 2 . If we denote the generators of H 1 (T ) (as well as their push offs into H 1 (T × S 1 ) using the Lagrangian framing by α, β, and the meridian of T by µ, Luttinger surgery yields a symplectic manifold if ψ * (α) = α, ψ * (β) = β, and ψ * (µ) = aα + bβ + µ.
Let k = gcd(a, b) and set γ to be the embedded curve γ = 1 k (aα + bβ). We denote the resulting symplectic manifold by M (T, γ, k) and call it 1/k-Luttinger surgery on T along γ. Notice that (identifying π 1 (T × S 1 ) with H 1 (T × S 1 ) and writing multiplicatively)
This is because gluing in T ×D 2 can be accomplished by gluing in one 2 handle attached along γ k µ, then gluing in two 3-handles and one 4-handle. Notice that e(M (T, γ, k)) = e(M ), and Novkov additivity shows that σ(M (T, γ, k)) = σ(M ).
AN IMPORTANT BUILDING BLOCK
The manifold in this section will play a similar role to the Matsumoto manifold used in Akhmedov [A2] and Baldridge-Kirk [BK2] .
The manifold T 4 can be thought of as the product of two tori, T 1 and T 2 , such that T 4 = T 1 × T 2 , with the compatible symplectic form ω = Ω T1 + Ω T2 where Ω Ti is the volume form on T i . We can name the S 1 factors s 1 , t 1 and s 2 , t 2 so that
by thinking of S 1 = [0, 2π]/(0 ∼ 2π). There are four essential Lagrangian tori in T 4 : s 1 × s 2 , s 1 × t 2 , t 1 × s 2 , and t 1 × t 2 . Notice that s 1 × t 2 and t 1 × t 2 can be made disjoint from each other and disjoint from the symplectic tori s 1 × t 1 and s 2 × t 2 by setting
for some ε 1 ∈ (0, 2π). Similarly t 1 × t 2 can also be made disjoint by choosing a different ε 2 . Furthermore, the Lagrangian framing of these tori is as simple as possible-clearly
is a Lagrangian torus for each x ∈ D 2 using the product symplectic form ω.
The manifold we are interested in is constructed by doing Luttinger surgery on these two Lagrangian tori,
using the notation described Section 2.
The fundamental group of V is easy to calculate. Since s 1 × t 2 intersects t 1 × s 2 once, the meridian in T 4 \ν(s 1 ×t 2 ) is equal to the commutator [t 1 , s 2 ]. Using Equation 1 above, we get
Similarly, since s 1 × s 2 intersects t 1 × t 2 once, and both of these tori can be taken disjoint from s 1 × t 2 and t 1 × s 2 , the meridian in
Note that V can be described alternatively as an S 1 -bundle over a 3-manifold that fibers over a circle with genus one fibers (cf. [B] ). To see this alternative construction, let ψ : T 1 → T 1 be the Dehn twist on s 1 and use it to create the mapping torus B = T 1 × I/ ∼. Thinking of s 2 as a section of this T 2 bundle over
Thinking of a fiber of M as t 2 one sees that you get the same manifold as V . Therefore π 2 (V ) = 0 and V is a minimal symplectic 4-manifold.
Finally, the singular symplectic surface T 1 ∪ T 2 in V is disjoint from the neighborhoods where the Lagrangian surgeries were performed. Note that T 1 and T 2 intersect each other once. Symplectically resolve this intersection and blow up twice. The new manifold W = V #2CP
2 has a class [T 1 +T 2 −e 1 −e 2 ] that is represented by a symplectic genus 2 surface G with square zero. Since the surface G intersects a sphere (either of the −1 spheres), the meridian in W \ ν(G) is nullhomotopic. Moreover, the inclusion W − ν(G) ⊂ W induces an isomorphism on fundamental groups, since every loop in W can be pushed off G and every homotopy that intersects G can be replaced by a homotopy that misses G since µ is nullhomotopic and G is connected. Therefore we get the following useful lema:
Lemma 5. Let R be any 4-manifold containing a genus 2 surface F with trivialized normal bundle. Let φ : G → F be a diffeomorphism, and set
where N ( ) denotes the normal subgroup generated by the set of relations.
Suppose further that R is symplectic and F is a symplectic submanifold, then S is symplectic by Gompf's fiber sum operation [Go] . The Euler characteristic of S is computed using the formula e(A# H B) = e(A) + e(B) − 2e(H) from above. Therefore e(S) = e(W ) + e(R) + 4 = 2 + e(R) + 4 = e(R) + 6. Novikov additivity can be used to compute the the signature, so σ(S) = σ(W ) + σ(R) = σ(R) − 2. Finally, if R is minimal than S is minimal by Usher [U] . This follows since every embedded −1 sphere in W intersects the surface G.
A CONSTRUCTION OF AN EXOTIC
In this section we construct an exotic CP 2 #3CP 2 example using Luttinger surgery. The second building block P starts with the same construction used above for the manifold V above. Consider (T 4 , ω = Ω T1 + Ω T2 ) again, but this time relabel the S 1 factors of T 4 by x 1 , y 1 , s 1 , t 1 so that T 1 = x 1 × y 1 and T 2 = s 1 × t 1 . Do the following Luttinger surgeries on T 4 :
This manifold is clearly the same as V , only the names of the generators have been changed. Therefore
The second manifold M 2 we need is also equal to V . For the sake of clarity, we record M 2 using a different set of generators, relabeling the S 1 factors of T 4 by x 2 , y 2 , s 2 , t 2 . Then M 2 is defined by the Luttinger surgeries:
By symmetry, these surgeries also give V . For the benefit of the reader, we record the fundamental group of M 2 :
The second building block P is the fiber sum of M 1 and M 2 along x 1 × y 1 and x 2 × y 2 ,
given by a diffeomorphism that sends x 1 → x 2 and y 1 → y 2 . Since x 1 × y 1 and x 2 × y 2 are both symplectic tori of square zero, by Gompf [Go] , the manifold P is symplectic. Furthermore, since V is minimal (and therefore so is M 1 and M 2 ), the generalized fiber sum P is minimal by Usher [U] . The Euler characteristic is e(P ) = e(M 1 )+e(M 2 )+0 = 0 and the signature σ(
That leaves only the fundamental group, which can be computed by Van Kampen's theorem. To simplify the notation in the calculation, set x 1 = x 2 = x and y 1 = y 2 = y (via the diffeomorphism above) and note that the meridian of
Then the fundamental group of P is
Notice that there is a square-zero symplectic surface of genus 2 in P created from gluing s 1 × t 1 to s 2 × t 2 in the generalized fiber sum. Call this genus 2 surface F . In fact, one can see that an alternate way to construct P is by doing four (1/−1)-Luttinger surgeries on F × T 2 . Also note that P has the same homology as T 2 × S 2 , but not necessarily the same ring structure (cf. [B] ).
Consider P with its genus 2 surface F and W with its genus 2 surface G. Let X be the fiber sum of P and W along these symplectic genus 2 surfaces,
By the text that follows Lemma 5, X is a symplectic manifold with e(X) = 6 and σ(X) = −2. Furthermore, X is minimal since both W \ G and P \ F do not contain −1 spheres (cf. Usher [U] ). It follows that X is homeomorphic to CP 2 #3CP 2 but not diffeomorphic if we can show that π 1 (X) = 1.
By Lemma 5, we can easily compute the following presentation of π 1 (X): In this section, we present a construction of a simply-connected, symplectic 4-manifold X that is homeomorphic but not diffemorphic to 3CP 2 #5CP 2 . We will use the SeibergWitten invariant of X to distinguish it from 3CP 2 #5CP 2 . Our first building block will be the symplectic 4-manifold X K and a genus two symplectic submanifold Σ 2 ⊂ X K , recently constructed by the first author in [A1] . The other building block will be the 4-manifold Y = T 4 #2CP 2 , the 4-torus blown up twice. X will then be the 4-manifold obtained by taking the symplectic fiber sum of X K and Y along Σ 2 and a certain genus two surface Σ ′ 2 ⊂ Y . We find a symplectically embedded genus 2 surface Σ ′ 2 in Y as follows. First we introduce the notation T i,j (1 ≤ i < j ≤ 4) for the 2-torus inside T 4 that has nontrivial ith and jth circle factors. For example, T 1,2 = S 1 × S 1 × {pt} × {pt}. Let p i,j : T 4 → T i,j be the projection map. Let ω i,j be a standard product volume form on T i,j .
Next we fix a factorization T 4 = T 2 × T 2 and endow T 4 with a corresponding product symplectic form ω = p * 1,2 (ω 1,2 ) + p * 3,4 (ω 3,4 ). Consider one copy of a horizontal torus T 1,2 , and one copy of a vertical torus T 3,4 . They are both symplectically embedded in T 4 with respect to ω. We symplectically resolve their intersection and obtain a symplectic surface of self-intersection 2. Next blow up twice to get a symplectic surface Σ ′ 2 of selfintersection 0 in Y = T 4 #2CP 2 . Note that the fundamental group of Y is Z 4 . Let α i (i = 1, . . . , 4) denote the generators of π 1 (Y ). The fundamental group of the complement of a tubular neighborhood νΣ
It is also generated by the α i 's. This is because the normal circle 
generate the inclusion-induced image of
. We choose the gluing diffeomorphism ψ : Σ 2 × S 1 → Σ ′ 2 × S 1 that maps the fundamental group generators as follows:
2 ) is symplectic.
Lemma 7. X is simply-connected.
Proof. By Van Kampen's theorem, we have
.
Note that the normal circle
This implies that the generators k 1 , . . . , k p are trivial and the relations r ′′ 1 = · · · = r ′′ q = 1 are redundant in π 1 (X). Since α i 's commute with one another, we get the following commutator relations in the fundamental group of X: [a
In summary we get the following presentation for the fundamental group of X.
To prove π 1 (X) = 1, it is enough to prove that b = d = f = s = 1, since these will imply that all other generators are trivial. It is not hard to show that the following five identities hold in π 1 (X). The proof of these identities is postponed to the appendix (cf. §11). 
Since s commutes with d, we must have sb = bs. Using sb = bs in (4), we get s = 1. Then (5) implies that f = 1. Similarly, (6) and (3) Proof. Let Y = T 4 #2CP 2 as before. We know that e(X) = e(
We easily compute that e(Y ) = 2, σ(Y ) = −2, c 2 1 (Y ) = −2, and χ h (Y ) = 0. Since e(X K ) = 4, σ(X K ) = 0, c 2 1 (X K ) = 8 and χ h (X K ) = 1, our results follow. From Freedman's famous classification theorem (cf. [Fr] ), we conclude that X is homeomorphic to 3CP 2 #5CP 2 . It follows from Taubes' theorem (cf. [Ta] ) that SW X (K X ) = ±1. Next we apply the connected sum theorem (cf. [Wi] ) for the Seiberg-Witten invariant to deduce that the SW invariant is trivial for 3CP 2 #5CP 2 . Since the SeibergWitten invariants are diffeomorphism invariants, we conclude that X is not diffeomorphic to 3CP 2 #5CP 2 .
ANOTHER CONSTRUCTION OF AN EXOTIC CP
In this section, we construct another simply-connected, symplectic 4-manifold U homeomorphic but not diffemorphic to CP 2 #3CP 2 . Using Usher's Theorem (cf. [U] ), we will distinguish U from CP 2 #3CP 2 . The manifold U will be the symplectic fiber sum of Y K in [A1] and Q = (M K × S 1 )#2CP 2 along the genus two surfaces Σ 2 and Σ ′′ 2 . The symplectic genus 2 submanifold Σ ′′ 2 ⊂ Q is obtained by resolving the intersection of a torus fiber T and a torus section S of M K × S 1 and then blowing up the two self-intersection points. Let us choose the gluing diffeomorphism ϕ :
2 ) according to the following rule:
Lemma 9. U is simply-connected.
. This in turn implies that the generators g 1 , . . . , g m of π 1 (Y K \νΣ 2 ) become trivial in π 1 (U ) . Moreover, taking into account the presentations of π 1 (Y K \ νΣ 2 ) and π 1 (Q \ νΣ
Using the relations above, we can obtain the following identities.
Using (2 ′ ), we have hbh
Last equality implies that bd = db. Using these facts in (5 ′ ), (4 ′ ) and (3 ′ ), we get b = d = h = 1. Now it easily follows from the presentation of π 1 (U ) that a = x = y = g = z = 1. Thus we proved that π 1 (U ) is trivial.
By Freedman's theorem and the lemmas above, we deduce that U is homeomorphic to CP 2 #3CP 2 . Note that U is a fiber sum of non-minimal 4-manifold Q = (M K × S 1 )#2CP 2 with minimal 4-manifold Y K . Both exceptional spheres E 1 and E 2 in Q meet with the genus two surface Σ ′′ = T + S − E 1 − E 2 . It follows from Usher's Theorem that U is a minimal symplectic 4-manifold. We conclude that it cannot be diffeomorphic to CP 2 #3CP 2 .
A CONSTRUCTION OF AN EXOTIC
An example of an exotic 3CP 2 #5CP 2 can be obtained by using the manifold P from Section 5. Take two copies of P , call them P andP , and form the generalized fiber sum along F andF , L = P # F,FP , using a diffeomorphism ϕ : F →F such that ϕ * (s 1 ) =s 2 , ϕ * (t 1 ) =t 2 , ϕ * (s 2 ) =s 1 , and ϕ * (t 2 ) =t 1 .
Since both P andP are minimal, L is minimal. Furthermore, e(L) = e(P )+e(P )+4 = 4 and σ(L) = σ(P ) + σ(P ) = 0.
After making the following identifications, s 1 =s 2 , t 1 =t 2 , s 2 =s 1 , and t 2 =t 1 , the fundamental group of L can be given the presentation:
s i 's and t i 's commute with x, y,x,ỹ except:
Notice that this is a particularly simple example of a homology S 2 × S 2 : all of the generators become trivial when the fundamental group is abelianized, thus H 1 (L) = 0. Furthermore, there are two symplectic surfaces of genus 2 of square zero (the surface F and the surface H given by gluing x × y tox ×ỹ) such that F · H = 1. So L has the same cohomology ring as S 2 × S 2 also.
In fact, L can be viewed as a simple series of eight (1/−1)-Luttinger surgeries of Lagrangian tori in F × H. We give the construction above because it is immediately obvious from the construction that L is minimal (the construction above is a series of symplectic sums along minimal manifolds).
Form the generalized fiber sum of L and W along F and G,
Using Lemma 5 again to compute the fundamental group of R, we set all of the s i 's and t i 's to commute except for the relations s 1 = [t 1 , s 2 ] and t 2 = [s 1 , s 2 ]. Using the same argument as above, we get that x and t 2 commute, giving s 2 = 1. Therefore y = t 2 =x = 1 implying that x = s 1 =ỹ = 1, and lastly that t 1 = 1. Therefore π 1 (R) = 1.
Since R is minimal, e(R) = e(L) + e(W ) + 4 = 10, σ(R) = σ(L) + σ(W ) = −2, and π 1 (R) = 1, we have that R is homeomorphic to 3CP 2 #5CP 2 but not diffeomorphic to it.
9. ANOTHER SYMPLECTIC 4-MANIFOLD WITH b + 2 = 3 AND b − 2 = 5 In this section, we construct a symplectic 4-manifold Z satisfying c 2 1 (Z) = 6 and χ h (Z) = 1. We also compute the fundamental group of Z.
Z is the fiber sum of the manifold Y K in [A1] and Y = T 4 #2CP 2 along genus two symplectic submanifolds Σ 2 and Σ ′ 2 . We choose the gluing diffeomorphism φ :
1 that maps the standard generators of the fundamental group as follows:
Again, by Gompf's theorem (cf. [Go] 
Lemma 11. There are nonnegative integers m and n such that
where the generators g 1 , . . . , g m and relators r 1 , . . . , r n all lie in the normal subgroup N generated by the element [x, b] , and the relator r n+1 is a word in x, a and elements of N . Moreover, if we add an extra relation [x, b] = 1 to (8), then the relation r n+1 = 1 simplifies to [x, a] = 1.
Proof. By Van Kampen's theorem, we have It follows that the generators g 1 , . . . , g m in (8) also become trivial, the relations r 1 = · · · = r n = 1 become redundant, and the relation r n+1 = 1 turns into
4 is abelian, we have the following commutator relations in
In summary we get the following presentation.
and aba = bab, the presentation of this group simplifies to the one we want. It is easy to list the surfaces that represent the generators of H 2 (Z; Z) ∼ = Z 8 . Four of these surfaces are tori of self-intersection 0 inside
, T 2,3 and T 2,4 . All four tori are Lagrangian in Z because of our choice of a product symplectic form ω on T 4 . Note that T 1,4 ·T 2,3 = 1. So the meridian of the Lagrangian torus T 1,4 is the commutator
It is not too hard to show that a = b in (9). Hence the meridian of T 1,4 is trivial in π 1 (Z \ νT 1,4 ). Thus after a suitable Luttinger surgery as in [ADK] , we can choose to kill α 4 = y.
Similarly, the meridian to the Lagrangian torus
Thus by performing another Luttinger surgery, we can choose to kill α 3 = d. Thus after two suitable Luttinger surgeries, we obtain a symplectic 4-manifold A with
From Lemma 12, we easily conclude that π 1 (A) = 1. Since a Luttinger surgery does not change e and σ, we conclude that A is homeomorphic to CP 2 #3CP 2 . By the same reasoning as above, A cannot be diffeomorphic to CP 2 #3CP 2 . Finally, if we choose to perform only a single Luttinger surgery to kill the generator d in π 1 (Z), we obtain a symplectic 4-manifold B with the following properties, which is interesting in light of [BK2] .
Theorem 16. There exists a symplectic 4-manifold B with π 1 (B) ∼ = Z, e(B) = 6, and σ(V ) = −2. Moreover, B contains a Lagrangian (or symplectic) torus of self-intersection zero.
11. APPENDIX: PROOF OF (3)- (7) From presentation (2), we get x = db 
